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a b s t r a c t
In this paper,we introduce thedefinitions of the possibilisticmean, variance and covariance
of multiplication of fuzzy numbers, and show some properties of these definitions. Then,
we apply these definitions to build the possibilistic models of portfolio selection under
the situations involving uncertainty over the time horizon, by considering the portfolio
selection problem from the point of view of possibilistic analysis. Moreover, numerical
experiments with real market data indicate that our approach results in better portfolio
performance.
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1. Introduction
Many practical problems are usually made in uncertain (random, fuzzy, etc.) environments. Exact information can often
not be provided. To solve this limitation, the applications of statistical theory and fuzzy set theory prove to be practical
approaches. In statistics, measures of central tendency and measures dispersion of distribution are considered important.
For fuzzy numbers, two of the most useful measures are the mean and variance of fuzzy numbers. Carlsson and Fullér [1]
defined the possibilistic mean values, variance and covariance of fuzzy numbers. They have been used to solve many real
world problems. For example, Carlsson et al. [2] and Zhang et al. [3,4] applied possibilistic mean value and variance to
solve Markowitz mean–variance portfolio selection model [5] under the assumption that the returns of assets were fuzzy
numbers.
In portfolio selection problem, most researchers focus so much attention on finance theory that they ignore a very
important practical problem: most investors would acknowledge that, on entering the market, they do not know with
certainty the time of exiting the market. Because of this problem, Markowitz’s model cannot be applied in practice. Some
researchers introduced newmodels to solve this problem. Liu and Loewenstein [6] studied a portfolio optimization problem
with an exponentially distributed time horizon. Martellini and Uros˘ević [7] considered the normal distributed time horizon
in the conditional moments of asset price behaviors.
Though probability theory is one of the main tools used for analyzing uncertainty in finance, it cannot describe
uncertainty completely since there are some other uncertain factors that differ from the random ones found in financial
markets. Some other techniques can be applied to handle uncertainty of financial markets. In this paper, we consider the
uncertain investment period from the point of view of possibilistic analysis. Let us assume that the instantaneous return of
asset i is defined as fuzzy number ri. The exit time of asset i is also a fuzzy number τ describing the investor’s time horizon.
The return on asset i from date 0 to date τ (assumed to be the same for all assets) is denoted by Ri, Ri = ri× τ , i = 1, . . . , n.
According to Markowitz’s model, we have to calculate the mean values and variances of returns on assets. It is difficult,
because the return Ri equals the multiplication of two fuzzy numbers. Therefore, we have to find out how to calculate the
mean and variance of the multiplication of two fuzzy numbers at first.
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Because of the implementation of fuzzy arithmetical operations on fuzzy numbers, many fuzzy results are represented
by the multiplication of fuzzy numbers. Thus, the consideration of possibilistic mean value and variance of multiplication of
fuzzy numbers becomesmore important. There exist twomajor directions of development of fuzzymultiplication operation.
One is established by the extension principle. For example, Mizumoto et al. [8] and Dubois et al. [9] developed the basic
arithmetic structure for fuzzy numbers based on the extension principle. The other is established by observing the fuzzy
number as a collection of γ -levels. For example, Ban and Bede [10] introduced the so-called cross-product of fuzzy numbers.
Ma et al. [11] defined fuzzy multiplication operation by representing a fuzzy number by a triple, which was based on the
γ -level set of fuzzy number. In this paper, we introduce new definitions of possibilistic mean value, variance and
covariance of multiplication of fuzzy numbers based on the multiplication operation defined in [12]. Then, we generalize
the Markowitz’s model under fuzzy numbers in the elements of time horizon and asset returns by using these
definitions.
The rest of this paper is organized as follows. Section 2 presents basic notations and definitions of possibilistic mean
value, variance and covariance of multiplication of fuzzy numbers. In Section 3, some properties are discussed. Section 4
proposes the portfolio selection problem under uncertain exit time. Moreover, a numerical example is given in Section 5.
Finally, a few concluding remarks are given in Section 6.
2. Notation and definitions
In this paper, we consider L–R type fuzzy number. A fuzzy number A = (a, b, α, β)LR is said a L–R type fuzzy number if
and only if [9]
µA(x) =

L
(
a− x
α
)
, x ≤ a,
1, a ≤ x ≤ b,
R
(
x− b
β
)
, x ≥ b,
where L, R : [0, 1] → [0, 1] with L(0) = R(0) = 1 and L(1) = R(1) = 0 are non-increasing, continuous functions. Let L−1
and R−1 be the inverse functions of the functions L and R, respectively.
In [12], Chou introduced the definition of the L−1 − R−1 inverse arithmetic principle of the multiplication operation for
triangular fuzzy numbers. Here, we extend it to L–R type fuzzy number.
Definition 1. Let A and B be two L–R type fuzzy numberwith γ -level sets [A]γ = [L−1A(γ ), R−1A(γ )], [B]γ = [L−1B(γ ), R−1B(γ )] (γ > 0).
The multiplication of A and B at γ -level is
A(γA) ⊗ B(γB) = (L−1A(γA)L−1B(γB), L−1A(γA)R−1B(γB), R−1A(γA)L−1B(γB), R−1A(γA)R−1B(γB)).
The mean value of A(γA) ⊗ B(γB) is defined as
E[A(γA) ⊗ B(γB)] =
1
4
[L−1A(γA)L−1B(γB) + L−1A(γA)R−1B(γB) + R−1A(γA)L−1B(γB) + R−1A(γA)R−1B(γB)].
We can easily obtain
−A(γA) ⊗ B(γB) = (−L−1A(γA)L−1B(γB),−L−1A(γA)R−1B(γB),−R−1A(γA)L−1B(γB),−R−1A(γA)R−1B(γB)),
λA(γA) ⊗ B(γB) = (λL−1A(γA)L−1B(γB), λL−1A(γA)R−1B(γB), λR−1A(γA)L−1B(γB), λR−1A(γA)R−1B(γB)),
−A⊗ (−B) = A⊗ B.
Definition 2. The possibilistic mean value of multiplication of fuzzy numbers is defined as
M¯(A⊗ B) =
∫ 1
0
∫ 1
0
1
4
[(γAL−1A(γA))(γBL−1B(γB))+ (γAL−1A(γA))(γBR−1B(γB))
+ (γAR−1A(γA))(γBL−1B(γB))+ (γAR−1A(γA))(γBR−1B(γB))]
dγAdγB∫ 1
0 γAdγA
∫ 1
0 γBdγB
. (1)
The possibilistic variance and covariance of multiplication of fuzzy numbers can be defined as
¯Var(A⊗ B) =
∫ 1
0
∫ 1
0
γAγB[(G− L−1A(γA)L−1B(γB))2 + (G− L−1A(γA)R−1B(γB))2
+ (G− R−1A(γA)L−1B(γB))2 + (G− R−1A(γA)R−1B(γB))2]dγAdγB
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= 1
4
∫ 1
0
∫ 1
0
γAγB[(L−1A(γA)L−1B(γB) − L−1A(γA)R−1B(γB))2 + (L−1A(γA)L−1B(γB) − R−1A(γA)L−1B(γB))2
+ (L−1A(γA)L−1B(γB) − R−1A(γA)R−1B(γB))2 + (L−1A(γA)R−1B(γB) − R−1A(γA)L−1B(γB))2 + (L−1A(γA)R−1B(γB)
− R−1A(γA)R−1B(γB))2 + (R−1A(γA)L−1B(γB) − R−1A(γA)R−1B(γB))2]dγAdγB, (2)
where G = E[A(γA) ⊗ B(γB)].
¯Cov(A⊗ B, C ⊗ D) = 1
4
∫ 1
0
∫ 1
0
γ1γ2[(L−1A(γ1)L−1B(γ2) − L−1A(γ1)R−1B(γ2))(L−1C(γ1)L−1D(γ2) − L−1C(γ1)R−1D(γ2))
+ (L−1A(γ1)L−1B(γ2) − R−1A(γ1)L−1B(γ2))(L−1C(γ1)L−1D(γ2) − R−1C(γ1)L−1D(γ2))
+ (L−1A(γ1)L−1B(γ2) − R−1A(γ1)R−1B(γ2))(L−1C(γ1)L−1D(γ2) − R−1C(γ1)R−1D(γ2))
+ (L−1A(γ1)R−1B(γ2) − R−1A(γ1)L−1B(γ2))(L−1C(γ1)R−1D(γ2) − R−1C(γ1)L−1D(γ2))
+ (L−1A(γ1)R−1B(γ2) − R−1A(γ1)R−1B(γ2))(L−1C(γ1)R−1D(γ2) − R−1C(γ1)R−1D(γ2))
+ (R−1A(γ1)L−1B(γ2) − R−1A(γ1)R−1B(γ2))(R−1C(γ1)L−1D(γ2) − R−1C(γ1)R−1D(γ2))]dγAdγB, (3)
where A, B, C , D are L–R type fuzzy numbers.
Alternatively, the other possibilistic variance and covariance of multiplication of fuzzy numbers can be defined as
Definition 3.
¯Var′(A⊗ B) =
∫ 1
0
∫ 1
0
γAγB[(M¯(A⊗ B)− L−1A(γA)L−1B(γB))2 + (M¯(A⊗ B)− L−1A(γA)R−1B(γB))2
+ (M¯(A⊗ B)− R−1A(γA)L−1B(γB))2 + (M¯(A⊗ B)− R−1A(γA)R−1B(γB))2]dγAdγB (4)
¯Cov′(A⊗ B, C ⊗ D) =
∫ 1
0
∫ 1
0
γ1γ2[(M¯(A⊗ B)− L−1A(γ1)L−1B(γ2))(M¯(C ⊗ D)− L−1C(γ1)L−1D(γ2))
+ (M¯(A⊗ B)− L−1A(γ1)R−1B(γ2))(M¯(C ⊗ D)− L−1C(γ1)R−1D(γ2))
+ (M¯(A⊗ B)− R−1A(γ1)L−1B(γ2))(M¯(C ⊗ D)− R−1C(γ1)L−1D(γ2))
+ (M¯(A⊗ B)− R−1A(γ1)R−1B(γ2))(M¯(C ⊗ D)− R−1C(γ1)R−1D(γ2))]dγ1dγ2 . (5)
3. Main properties
Proposition 1. Let A, B, C and D be L–R type fuzzy numbers, then
M¯(A⊗ B) = M¯(A)× M¯(B),
M¯(A⊗ B+ C ⊗ D) = M¯(A⊗ B)+ M¯(C ⊗ D).
Proof.
M¯(A)× M¯(B) =
∫ 1
0
1
2γA(L
−1
A(γA)
+ R−1A(γA))dγA∫ 1
0 γAdγA
×
∫ 1
0
1
2γB(L
−1
B(γB)
+ R−1B(γB))dγB∫ 1
0 γBdγB
=
∫ 1
0
∫ 1
0 [ 12γA(L−1A(γA) + R−1A(γA))]
[
1
2γB(L
−1
B(γB)
+ R−1B(γB))
]
dγAdγB∫ 1
0 γAdγA
∫ 1
0 γBdγB
=
∫ 1
0
∫ 1
0
1
4
[(γAL−1A(γA))(γBL−1B(γB))+ (γAL−1A(γA))(γBR−1B(γB))
+ (γAR−1A(γA))(γBL−1B(γB))+ (γAR−1A(γA))(γBR−1B(γB))] ×
dγAdγB∫ 1
0 γAdγA
∫ 1
0 γBdγB
= M¯(A⊗ B).
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LetM and N be 2-tuples,M = (a1, b1), N = (a2, b2). In [12], the author defined the addition ofM and N as
M + N = (a1 + a2, a1 + b2, b1 + a2, b1 + b2).
By analogy, ifM and N are 4-tuples,M = (a1, b1, c1, d1), N = (a2, b2, c2, d2), we can obtain
M + N = (a1 + a2, a1 + b2, a1 + c2, a1 + d2, b1 + a2, b1 + b2, b1 + c2, b1 + d2,
c1 + a2, c1 + b2, c1 + c2, c1 + d2, d1 + a2, d1 + b2, d1 + c2, d1 + d2). (6)
According to Definition 1, we can have
A(γ1) ⊗ B(γ2) = (L−1A(γ1)L−1B(γ2), L−1A(γ1)R−1B(γ2), R−1A(γ1)L−1B(γ2), R−1A(γ1)R−1B(γ2)),
C(γ1) ⊗ D(γ2) = (L−1C(γ1)L−1D(γ2), L−1C(γ1)R−1D(γ2), R−1C(γ1)L−1D(γ2), R−1C(γ1)R−1D(γ2)),
then,
A(γ1) ⊗ B(γ2) + C(γ1) ⊗ D(γ2) = (L−1A(γ1)L−1B(γ2) + L−1C(γ1)L−1D(γ2), L−1A(γ1)L−1B(γ2) + L−1C(γ1)R−1D(γ2),
L−1A(γ1)L
−1
B(γ2)
+ R−1C(γ1)L−1D(γ2), L−1A(γ1)L−1B(γ2) + R−1C(γ1)R−1D(γ2),
L−1A(γ1)R
−1
B(γ2)
+ L−1C(γ1)L−1D(γ2), L−1A(γ1)R−1B(γ2) + L−1C(γ1)R−1D(γ2),
L−1A(γ1)R
−1
B(γ2)
+ R−1C(γ1)L−1D(γ2), L−1A(γ1)R−1B(γ2) + R−1C(γ1)R−1D(γ2),
R−1A(γ1)L
−1
B(γ2)
+ L−1C(γ1)L−1D(γ2), R−1A(γ1)L−1B(γ2) + L−1C(γ1)R−1D(γ2),
R−1A(γ1)L
−1
B(γ2)
+ R−1C(γ1)L−1D(γ2), R−1A(γ1)L−1B(γ2) + R−1C(γ1)R−1D(γ2),
R−1A(γ1)R
−1
B(γ2)
+ L−1C(γ1)L−1D(γ2), R−1A(γ1)R−1B(γ2) + L−1C(γ1)R−1D(γ2),
R−1A(γ1)R
−1
B(γ2)
+ R−1C(γ1)L−1D(γ2), R−1A(γ1)R−1B(γ2) + R−1C(γ1)R−1D(γ2)). (7)
The mean value of A(γ1) ⊗ B(γ2) + C(γ1) ⊗ D(γ2) is
E(A(γ1) ⊗ B(γ2) + C(γ1) ⊗ D(γ2)) =
1
16
[L−1A(γ1)L−1B(γ2) + L−1C(γ1)L−1D(γ2) + L−1A(γ1)L−1B(γ2) + L−1C(γ1)R−1D(γ2) + L−1A(γ1)L−1B(γ2)
+ R−1C(γ1)L−1D(γ2) + L−1A(γ1)L−1B(γ2) + R−1C(γ1)R−1D(γ2) + L−1A(γ1)R−1B(γ2) + L−1C(γ1)L−1D(γ2)
+ L−1A(γ1)R−1B(γ2) + L−1C(γ1)R−1D(γ2) + L−1A(γ1)R−1B(γ2) + R−1C(γ1)L−1D(γ2) + L−1A(γ1)R−1B(γ2)
+ R−1C(γ1)R−1D(γ2) + R−1A(γ1)L−1B(γ2) + L−1C(γ1)L−1D(γ2) + R−1A(γ1)L−1B(γ2) + L−1C(γ1)R−1D(γ2)
+ R−1A(γ1)L−1B(γ2) + R−1C(γ1)L−1D(γ2) + R−1A(γ1)L−1B(γ2) + R−1C(γ1)R−1D(γ2) + R−1A(γ1)R−1B(γ2)
+ L−1C(γ1)L−1D(γ2) + R−1A(γ1)R−1B(γ2) + L−1C(γ1)R−1D(γ2) + R−1A(γ1)R−1B(γ2) + R−1C(γ1)L−1D(γ2)
+ R−1A(γ1)R−1B(γ2) + R−1C(γ1)R−1D(γ2)]. (8)
Therefore, the possibilistic mean value of A⊗ B+ C ⊗ D equals to
M¯(A⊗ B+ C ⊗ D) =
∫ 1
0
∫ 1
0
γ1γ2E(A(γ1) ⊗ B(γ2) + C(γ1) ⊗ D(γ2))×
dγ1dγ2∫ 1
0 γ1dγ1
∫ 1
0 γ2dγ2
=
∫ 1
0
∫ 1
0
1
4
[(γ1L−1A(γ1))(γ2L−1B(γ2))+ (γ1L−1A(γ1))(γ2R−1B(γ2))
+ (γ1R−1A(γ1))(γ2L−1B(γ2))+ (γ1R−1A(γ1))(γ2R−1B(γ2))] ×
dγ1dγ2∫ 1
0 γ1dγ1
∫ 1
0 γ2dγ2
+
∫ 1
0
∫ 1
0
1
4
[(γ1L−1C(γ1))(γ2L−1D(γ2))+ (γ1L−1C(γ1))(γ2R−1D(γ2))
+ (γ1R−1C(γ1))(γ2L−1D(γ2))+ (γ1R−1C(γ1))(γ2R−1D(γ2))] ×
dγ1dγ2∫ 1
0 γ1dγ1
∫ 1
0 γ2dγ2
= M¯(A⊗ B)+ M¯(C ⊗ D).  (9)
Proposition 2 can directly be proved from the Eqs. (2)–(5).
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Proposition 2. Let A, B, C and D are L–R type fuzzy numbers, then
¯Var(A⊗ B+ θ) = ¯Var(A⊗ B), ¯Var(λA⊗ B) = λ2 ¯Var(A⊗ B),
¯Cov(A⊗ B, C ⊗ D) = ¯Cov(C ⊗ D, A⊗ B),
¯Cov(A⊗ B, A⊗ B) = ¯Var(A⊗ B),
¯Cov(A⊗ B,−A⊗ B) = − ¯Cov(A⊗ B, A⊗ B),
¯Var′(A⊗ B+ θ) = ¯Var′(A⊗ B), ¯Var′(λA⊗ B) = λ2 ¯Var′(A⊗ B),
¯Cov′(A⊗ B, C ⊗ D) = ¯Cov′(C ⊗ D, A⊗ B),
¯Cov′(A⊗ B, A⊗ B) = ¯Var′(A⊗ B),
¯Cov′(A⊗ B,−A⊗ B) = − ¯Cov′(A⊗ B, A⊗ B).
Proposition 3. Let A and B be symmetric fuzzy numbers with [A]γ = [a − f (γ ), a + f (γ )] and [B]γ = [b − g(γ ), b + g(γ )]
for all γ ∈ [0, 1]. Then
¯Var(A⊗ B) = ¯Var′(A⊗ B).
Proof. The mean value of A(γA) ⊗ B(γB) equals to
E[A(γA) ⊗ B(γB)] =
1
4
[(a− f (γA))(b− g(γB))+ (a− f (γA))(b+ g(γB))
+ (a+ f (γA))(b− g(γB))+ (a+ f (γA))(b+ g(γ )B)]
= ab.
The possibilistic mean value of A⊗ B equals to
M¯(A⊗ B) = ab.
According to the definitions of possibilistic variance of A⊗ B (2), (4), we can obtain
¯Var(A⊗ B) = ¯Var′(A⊗ B). 
4. Portfolio selection problem under uncertain exit time
We begin by considering the asset return of a single risky asset at date τ . It is clear that there are two kinds of uncertainty
here. One is the future asset return at a given realization of τ , which is the asset return risk. The other is the realization of τ ,
which is the exit time risk. It is clear that the portfolio selection problem should take into account both of these two risks.
In this paper, we consider the independent exit time that does not depend on the price behavior of any assets.
Let us assume that the instantaneous return of asset i is defined as ri, which is a fuzzy number, [ri]γ = [L−1ri(γ ), R−1ri(γ )]. The
exit time of asset i is a fuzzy number τ describing the investor’s time horizon, [τ ]γ = [L−1τ(γ ), R−1τ(γ )]. The return on asset i from
date 0 to date τ (assumed to be the same for all assets) is denoted by Ri, Ri = ri × τ , i = 1, . . . , n. According to the Eq. (1)
and Proposition 1, the mean of the return over a fuzzy time horizon τ is given by the following expression:
M¯(Ri) = M¯(ri ⊗ τ)
=
∫ 1
0
∫ 1
0
1
4
[(γriL−1ri(γri ))(γτ L
−1
τ(γτ )
)+ (γriL−1ri(γri ))(γτR
−1
τ(γτ )
)
+ (γriR−1ri(γri ))(γτ L
−1
τ(γτ )
)+ (γriR−1ri(γri ))(γτR
−1
τ(γτ )
)] dγridγτ∫ 1
0 γridγr
∫ 1
0 γτdγτ
= M¯(ri)× M¯(τ ). (10)
Let us consider a portfolio p of n risky assets. The weights in the portfolio equal to the vectorω = (ω1, ω2, . . . , ωn). Then
the return on the portfolio p is equal to
Rp =
n∑
i=1
ωiRi.
The expected return on portfolio p is given by the following expression:
M¯(Rp) =
n∑
i=1
ωiM¯(Ri) = M¯(τ )
n∑
i=1
ωiM¯(ri) = M¯(τ ) · ωTµ,
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where µ is the vector of possibilistic means of asset returns. As mentioned above, when exit time is uncertain, the risk lies
on two aspects: the asset return and the exit time. Therefore, when the variance is used to estimate the risk, the variance of
asset return over a fuzzy time horizon τ is given by the following expression:
¯Var(Ri) = ¯Var(ri ⊗ τ)
=
∫ 1
0
∫ 1
0
γriγτ [(M¯(ri ⊗ τ)− L−1ri(γri )L
−1
τ(γτ )
)2 + (M¯(ri ⊗ τ)− L−1ri(γri )R
−1
τ(γτ )
)2
+ (M¯(ri ⊗ τ)− R−1ri(γri )L
−1
τ(γτ )
)2 + (M¯(ri ⊗ τ)− R−1ri(γri )R
−1
τ(γτ )
)2]dγridγτ . (11)
The covariance of two assets Ri and Rj is
¯Cov(Ri, Rj) = ¯Cov(ri ⊗ τ , rj ⊗ τ) =
∫ 1
0
∫ 1
0
γiγj[(M¯(ri ⊗ τ)− L−1ri(γi)L−1τ(γi))(M¯(rj ⊗ τ)− L−1rj(γj)L−1τ(γj))
+ (M¯(ri ⊗ τ)− L−1ri(γi)R−1τ(γi))(M¯(rj ⊗ τ)− L−1rj(γj)R−1τ(γj))
+ (M¯(ri ⊗ τ)− R−1ri(γi)L−1τ(γi))(M¯(rj ⊗ τ)− R−1rj(γj)L−1τ(γj))
+ (M¯(ri ⊗ τ)− R−1ri(γi)R−1τ(γi))(M¯(rj ⊗ τ)− R−1rj(γj)R−1τ(γj))]dγidγj. (12)
Let ¯COV = (δij)n×n be the n × n variance–covariance matrix on portfolio p. δij = ¯Cov(Ri, Rj) = ¯Cov(ri ⊗ τ , rj ⊗ τ)
is the possibilistic covariance between the return of the i-th and j-th assets over a fuzzy time horizon τ , i 6= j. And
δii = ¯Var(Ri) = ¯Var(ri ⊗ τ) is the possibilistic variance of the return of the i-th assets over a fuzzy time horizon τ . The
possibilistic variance of portfolio p is then given by
¯Var(Rp) = ωT · ¯COV · ω.
The mean–variance portfolio selection problem under fuzzy exit time can be formulated as:
min
ω
ωT · ¯COV · ω
s.t. ωT · µ = ξ ′
ωTI = 1
(13)
where ξ ′ = ξ
M¯(τ )
. And ξ is a given level. More detailed analysis can be found in [13].
It is easy to see that, when exit time is independent, the portfolio selection problem can be reformulated in terms of the
standard quadratic mean–variance optimization. In addition, the solution to the problem exits and is unique. We compute
the optimal portfolio by constructing the Lagrangian function. The solution is given by [13]
ω∗ = ξ
′
D
[C · ¯COV−1 · µ− B · ¯COV−1 · I] + 1
D
[A · ¯COV−1 · I − B · ¯COV−1 · µ], (14)
with
A = µT · ¯COV−1 · µ,
B = µT · ¯COV−1 · I,
C = I · ¯COV−1 · I
D = A · C − B2.
(15)
5. Illustrative case
We test the viability of the proposed portfolio model (13) under fuzzy exit time using real market data. We compare the
performance of the portfolio model (13) under fuzzy exit time with portfolio under random exit time introduced in [7].
In [7], Martellini and Urošević proposed the portfolio model under independent random exit time as follows:
min
ω
ωT · K · ω
s.t. ωT · µ = E∗
ωTI = 1
(16)
where Kij = σiσjρij + V (τ )E(τ )µiµj, E∗ = ξE(τ ) . µi and σi are, respectively, instantaneous expected value and standard deviation
of the return on asset i, and ρij is the instantaneous correlation coefficient between the two assets (let the exit time be the
same for all assets). E(τ ) and V (τ ) are mean and variance of the exit time distribution, respectively. The unique solution to
the model (16) is given by
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Table 1
Sample statistics for the instantaneous daily returns on the assets from historical data.
Stocks Mean SD P10 P40 P60 P90
r1 0.0059 0.0468 −0.0362 −0.0035 0.0153 0.0480
r2 0.0063 0.0941 −0.0784 −0.0125 0.0251 0.0910
r3 0.0036 0.0337 −0.0267 −0.0031 0.0103 0.0339
r4 0.0027 0.0304 −0.0247 −0.0034 0.0088 0.0300
r5 0.0014 0.0390 −0.0337 −0.0064 0.0092 0.0365
Table 2
Minimum variances of the optimal portfolio solutions when the parameters ξ and τ take different values.
Portfolio return Minimum variance
Fuzzy exit time Random exit time
τ1 τ2 τ3 τ4 τ1 τ2 τ3 τ4
ξ = 0.3 0.034 0.025 0.019 0.015 0.069 0.052 0.043 0.046
ξ = 0.4 0.035 0.041 0.061 0.031 0.058 0.037 0.119 0.025
ξ = 0.5 0.052 0.062 0.047 0.037 0.087 0.091 0.168 0.030
ξ = 0.6 0.120 0.213 0.364 0.608 0.123 0.874 0.511 0.655
Table 3
Minimum variances of the optimal portfolio solutions when the mean values of exit times take the same value and the ranges of exit times are different.
Portfolio return Minimum variance
Fuzzy exit time Random exit time
τ ′1 τ
′
2 τ
′
3 τ
′
4 τ
′
5 τ
′
6 E(τ
′) = 80
ξ = 0.3 0.607 0.369 0.219 0.028 0.014 0.012 0.074
ξ = 0.4 0.623 0.493 0.229 0.036 0.029 0.019 0.077
ξ = 0.5 0.756 0.513 0.128 0.030 0.031 0.010 0.130
ξ = 0.6 0.913 0.646 0.462 0.272 0.041 0.034 0.352
ω∗ = Cξ
′ − B
AC − B2 V
−1µ+ A− Bξ
′
AC − B2 V
−1I, (17)
with
A = µT · V−1 · µ,
B = µT · V−1 · I,
C = I · V−1 · I,
where V is the variance–covariance matrix of returns on assets. Even though matrix K depends on V (τ )E(τ ) , the solution given
in Eq. (17) does not depend on V (τ )E(τ ) and, therefore, on the exit time distribution.
In this numerical example, we select five securities from the Shanghai Stock Exchange. The data cover the instantaneous
daily returns from July 2000 to July 2003. Table 1 provides the summary statistics of the data.
We use the sample percentiles to approximate the trapezoidal fuzzy returns ri = (ai, bi, ci, di), ai ≤ bi ≤ ci ≤ di. In
fact, we decide to set ai = P10, bi = P40, ci = P60, di = P90, respectively, where Pk is the kth percentile of the sample.
Then, the corresponding γ -level of ri is given by [ri]γ = [ai + (bi − ai)γ , di + (ci − di)γ ]. We assume that the exit time τ
is also a trapezoidal fuzzy number. Here, we choose four fuzzy exit times τ1 = [10, 40, 60, 90], τ2 = [20, 50, 70, 100],
τ3 = [30, 60, 80, 110], τ4 = [40, 70, 90, 120]. Corresponding mean values of exit time for model (16) are given by
E(τ1) = 50, E(τ2) = 60, E(τ3) = 70, E(τ4) = 80.
Once all the parameters are set, the optimal portfolios under fuzzy exit time (resp. portfolios under random exit time)
are computed by solving model (13) (resp. model (16)). One way to compare the performance between portfolios is to
measure the difference of volatility estimates between portfolios. Here, the volatility is represented by the variance of
portfolio. Table 2 shows the minimum variances of the optimal portfolios under fuzzy exit time (resp. portfolios under
random exit time) when the parameters ξ and τ take different values. As expected, most of the minimum variances of the
optimal portfolios under fuzzy exit time are smaller than the ones of the optimal portfolio under random exit time at the
same ξ value. In Table 3, we compare the optimal portfolios under fuzzy exit timewith portfolios under random exit time in
another way. Here, fuzzy exit times are given by τ ′1 = [10, 40, 120, 150], τ ′2 = [20, 50, 110, 140], τ ′3 = [30, 60, 100, 130],
τ ′4 = [40, 70, 90, 120], τ ′5 = [50, 70, 90, 110], τ ′6 = [60, 70, 90, 100]. Their possibilistic mean values are all equal to 80.
From τ ′1 to τ
′
6, the ranges of the fuzzy numbers decrease gradually. Corresponding mean value of random exit time is given
by E(τ ′) = 80. Table 3 shows the minimum variances of the optimal portfolios under fuzzy exit time (resp. portfolios under
random exit time) when the mean values of exit times take the same value. As expected, the minimum variance is larger as
the ξ values are increasing and the ranges of fuzzy exit times are increasing. When the ranges of fuzzy exit times are small,
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the minimum variances of the optimal portfolios under fuzzy exit time are smaller than the ones of the optimal portfolio
under random exit time at the same ξ value. The risk of portfolio is characterized by the variance. Therefore, from Tables 2
and 3, we can draw the conclusion that the portfolio under fuzzy exit time has less risks than the portfolio under random
exit time when the range of fuzzy exit time is small.
6. Conclusion
In this paper, we introduce the multiplication operation of two fuzzy numbers. Then, we define the possibilistic mean,
variance and covariance of themultiplication of fuzzy numbers. Some of the properties are provided. Moreover, we consider
the uncertain investment period from the point of view of possibilistic analysis. Our approach generalizes the Markowitz’s
model by possibilistic mean, variance and covariance of multiplication of fuzzy numbers involving the fuzzy time horizon
in addition to the fuzzy asset returns. To achieve mean–variance efficiency, an investor facing an uncertain exit time should
use the models developed in this paper.
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